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ABSTRACT

Algebraic Structures is a fundamental course for
undergraduate students in Mathematics and
Mathematics Education programs, where group
theory concepts often present challenges due to
their abstract nature. This study aims to examine
the role of GAP (Groups, Algorithms, and
Programming) mathematical software as a
computational tool for supporting the
exploration and verification of group theory
concepts. This research employs a literature
review methodology by analyzing relevant
studies on computer algebra systems and
mathematics  learning, followed by a
computational demonstration using GAP to
solve group theory problems. The findings show
that GAP can generate Cayley tables and verify
group axioms, including closure, associativity,
identity, =~ and inverse elements. The
computational results are consistent with manual
calculations while providing systematic and
accurate procedures. This study concludes that
GAP provides valuable computational support
for visualizing and analyzing abstract algebraic
concepts, particularly in the context of group

theory learning.
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INTRODUCTION

Algebraic Structures, commonly known as Abstract Algebra, is a
fundamental area of mathematics that explores mathematical systems based on
sets, operations, and their underlying properties. This subject is a compulsory
course for undergraduate students in Mathematics and Mathematics Education
programs because it provides essential foundations for understanding advanced
mathematical concepts and logical reasoning. Among its topics, group theory
represents one of the most important concepts because it introduces students to
the formal relationship between mathematical objects, operations, and abstract
structures (Isa, 2024).

Despite its fundamental role, group theory is often considered one of the
most challenging topics in Algebraic Structures courses. Unlike elementary
mathematics, which commonly involves numerical calculations, group theory
requires students to reason with abstract objects, axioms, and symbolic
representations. Students are expected to understand definitions, apply
mathematical properties, and construct rigorous proofs based on logical
arguments. The ability to construct and evaluate mathematical proofs depends
strongly on students” understanding of definitions, axioms, and the relationships
among mathematical concepts (Rojano, 2022). Therefore, difficulties in
visualizing abstract structures and verifying mathematical properties may
become significant obstacles in achieving conceptual understanding.

One of the central concepts in group theory is the definition of a group,
which consists of a non-empty set equipped with a binary operation satisfying
four fundamental properties: closure, associativity, the existence of an identity
element, and the existence of inverse elements. Although these properties
provide a clear formal framework, students frequently experience difficulties
when applying these axioms to determine whether a mathematical structure
satisfies the requirements of a group. Such difficulties are commonly associated
with limited experience in exploring examples, performing abstract reasoning,
and connecting symbolic representations with concrete mathematical processes
(Manurung et al., 2024).

The development of technology in mathematics education has encouraged
the integration of computational tools to support the exploration of abstract
mathematical concepts. Computer Algebra Systems (CAS) provide opportunities
for students and researchers to perform symbolic calculations, visualize
mathematical structures, and verify complex mathematical relationships. One of
the open-source CAS tools specifically developed for computational discrete
algebra is GAP (Groups, Algorithms, and Programming). GAP enables users to
analyze algebraic structures, perform group computations, generate Cayley
tables, and verify group axioms through computational procedures.

Previous studies have discussed the use of mathematical software as a
supporting tool in mathematics learning; however, most studies focus on general
computational assistance or visualization purposes. Limited attention has been
given to the specific application of GAP in systematically demonstrating group
theory concepts, particularly in verifying the fundamental axioms of groups
through computational procedures. Therefore, a clearer investigation is needed
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regarding how GAP can support the exploration and representation of abstract
concepts within Algebraic Structures courses.

This study contributes by presenting a computational demonstration of
GAP implementation in solving group theory problems and examining how the
software represents mathematical processes that are commonly performed
manually. Rather than directly measuring improvements in student learning
outcomes, this study focuses on analyzing the computational capabilities of GAP
and its potential role as a supporting medium for exploring abstract algebraic
concepts. Thus, this research aims to examine the use of GAP (Groups,
Algorithms, and Programming) mathematical software in group theory topics
within the Algebraic Structures course.

LITERATURE REVIEW
Algebraic Structures Learning and Conceptual Challenges in Group Theory

Algebraic Structures is a fundamental branch of mathematics that
investigates mathematical systems consisting of sets, operations, and their
underlying properties. Learning algebraic structures requires students to
develop the ability to interpret mathematical definitions, symbolic
representations, logical relationships, and formal arguments. The interaction
between mathematical language and symbolic representation plays an important
role in helping students construct meaningful mathematical reasoning and valid
proofs (Isa, 2024; Rojano, 2022).

Among various topics in Algebraic Structures, group theory represents
one of the most essential concepts because it introduces students to abstract
mathematical structures based on axiomatic systems. A group is defined as a
non-empty set equipped with a binary operation that satisfies four fundamental
properties: closure, associativity, the existence of an identity element, and the
existence of inverse elements (Saragih, 2023). Although these properties provide
a rigorous mathematical framework, students frequently experience difficulties
when applying abstract definitions to specific mathematical objects. The
challenges are commonly related to difficulties in visualizing abstract structures,

identifying group properties, and constructing deductive proofs (Manurung et
al., 2024).

Computational Support in Abstract Mathematics Learning

The abstract characteristics of group theory indicate the need for learning
approaches that can provide clearer representations of mathematical concepts.
Computational approaches offer opportunities for students to explore
mathematical structures through symbolic manipulation, verification processes,
and visualization of abstract relationships. Previous studies have indicated that
technology-supported learning environments can assist students in
understanding complex mathematical concepts by providing interactive
representations and systematic problem-solving procedures (Haryani et al.,
2024).

One computational approach that is relevant to abstract algebra learning
is the utilization of Computer Algebra Systems (CAS). Unlike conventional
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mathematical calculations, CAS allows users to examine mathematical structures
through algorithm-based computation and automated verification. In the context
of group theory, computational tools can assist in generating examples,
constructing Cayley tables, and testing whether a mathematical structure
satisfies group axioms.

GAP Mathematical Software as a Computational Tool for Group Theory

GAP (Groups, Algorithms, and Programming) is an open-source
Computer Algebra System specifically designed for computational discrete
algebra. The software provides various functions for studying algebraic
structures, particularly finite groups, through symbolic computation and
algorithmic procedures. GAP enables users to represent group elements, perform
operations, generate Cayley tables, and verify fundamental properties such as
closure, associativity, identity, and inverse elements.

Previous discussions regarding mathematical software have generally
emphasized the role of technology in supporting computation and visualization.
However, studies that specifically examine the application of GAP in
systematically demonstrating group theory concepts through verification of
group axioms remain limited. Therefore, this study positions GAP not merely as
a calculation tool, but as a computational medium that supports the exploration
and representation of abstract algebraic concepts. Based on the reviewed
literature, the conceptual relationship of this study can be summarized as
follows:

1. Conceptual Difficulties in Understanding Group Properties
2. Need for Computational Representation

3. Implementation of GAP Mathematical Software

4. Verification and Exploration of Group Axioms

This framework provides the basis for analyzing how GAP can support
the computational exploration of group theory concepts within the Algebraic
Structures course. However, because this study does not directly measure
students’” learning outcomes, the role of GAP is discussed as a supporting
computational approach rather than as direct evidence of improved student
achievement.

RESEARCH RESULTS

In the Algebraic Structures course, group theory concepts form the
foundation for students to determine whether a given set equipped with a
specific operation satisfies the criteria of a group. Generally, the problem-solving
procedure begins with constructing the Cayley table and subsequently verifying
the four group axioms: closure, associativity, the existence of an identity element,
and the existence of an inverse element. When solving such problems manually,
a high degree of precision is required from students to avoid computational
errors, given the lengthy and meticulous nature of the calculation process. The
following problem statement serves as an example that will be solved using both
manual computation and GAP mathematical software.
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Problem 1: Let G be the set of integers modulo 9, denoted as Zy. Show that Z,
forms a group under the operation of addition, denoted as (G, +).

Manual Solution:
The set is defined as Zq = {0,1,2,3,4,5,6,7,8}.

Table 1. Cayley Table

Zs 1| 0 1 2 3 4 5 6 7 8
0 0 1 2 3 4 5 6 7 8
1 1 2 3 4 5 6 7 8 0
2 2 3 4 5 6 7 8 0 1
3 3 4 5 6 7 8 0 1 2
4 4 5 6 7 8 0 1 2 3
5 5 6 7 8 0 1 2 3 4
6 6 7 8 0 1 2 3 4 5
7 7 8 0 1 2 3 4 5 6
8 8 0 1 2 3 4 5 6 7

Based on the Cayley table, it is evident that:

1. Closure property: The closure property is satisfied under the operation of
addition modulo 9.
Associative property: The associative property is satisfied.

N

3. Identity element: The existence of the identity element (e = 0) is verified.
4. Inverse elements: The existence of inverse elements is verified, specifically
as follows:
0M7*=0 '=6 (6 =3
(1)'=8 4)1'=5 NH1t=2
@ =7 (5" =4 @®*=1

Consequently, (Zo, +) forms a group.

As an interactive computer algebra system, GAP mathematical software
(Groups, Algorithms, and Programming) operates based on the "read, evaluate,
and print" principle. Users simply input text-based commands, and the system
immediately processes and displays the results. This capability is highly
advantageous for group theory computations, as users can directly define
functions and test them with various arguments to understand their operational
behavior.

Based on the literature review, it can be concluded that GAP mathematical
software is highly beneficial in supporting the learning of Algebraic Structures.
For instance, students can utilize this software to analyze sets and determine
whether a given set constitutes a group. This application is demonstrated in the
preceding example, where GAP mathematical software was employed to verify
whether Zoforms a group under the operation of addition.
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GAP mathematical software operates by representing mathematical

structures as data structures and providing the corresponding operations and
functions. The steps for its utilization are as follows:

1. Installation and Basic Usage of GAP Mathematical Software

Download and install the GAP mathematical software from the
official website (https://www.gap-system.org/). Subsequently, launch
the software from the terminal or command prompt to access the
interactive environment.

Input and Command Execution

GAP mathematical software utilizes its proprietary programming
language to perform computations. Users can directly input commands
into the interpreter.

Computations in Group Theory and Algebra

In the context of group theory, GAP mathematical software can be
utilized to generate the elements of a Cayley table and to verify whether a
given set satisfies the group axioms: the closure property, the associative
property, and the existence of identity and inverse elements. The output
generated by the software is displayed immediately after the user inputs
a command. Fundamentally, the software operates by reading the user's
commands, manipulating the underlying mathematical data structures,
and returning the results based on the executed operations.

Application of GAP Mathematical Software in Solving Problem 1

Let G be the set of integers modulo 9, denoted as Zy. Show that Zo forms a

group under the operation of addition, denoted as (G, +).
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Figure 1. Cayley Table (Z,, +)

Figure 1 illustrates the Cayley table for (Zo, +). It is clearly evident that the
Cayley table generated by the GAP mathematical software is entirely consistent
with the results derived from the manual computation. Subsequently, the
demonstration of the closure property using the GAP mathematical software will
be presented.

7, 8 anggota G

maka Tertutup terhadap G

Figure 2. Closure property

It is clearly evident in Figure 2 that all elements generated by the GAP
mathematical software are members of Z,. Consequently, it can be concluded
that the closure property in Zois satisfied, which is entirely consistent with the
manual solution. Subsequently, the demonstration of the second axiom, namely
the associative property, using the GAP mathematical software will be presented.

tif untuk a = 2, b = 4, c

tif Terpenuhi: (2 +4) +5 =2 + (4 +5) =5

Figure 3. Associative property
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The GAP mathematical software output in Figure 3 demonstrates that the
associative property is satisfied, thereby confirming that the second group axiom
for (Zo, +)holds. The analysis now proceeds to the third axiom, namely the
existence of an identity element.

danya unsur identitas (satuan) e = 0:

0+0=0]0

G memiliki unsur identita: itu e = 0

Figure 4. Identity element

It is clearly evident in Figure 4 that the output generated for
(Zg, +)confirms the existence of an identity element, specifically 0, thereby
satisfying the third group axiom. Subsequently, the existence of inverse elements
will be demonstrated as the fourth group axiom.

memiliki unsur invers atau balikan

Figure 5. Inverse elements
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Figure 5 clearly illustrates the output from the GAP mathematical
software, demonstrating that the fourth group axiom is also satisfied, as
evidenced by the existence of inverse elements for (Zy, +). Since all four group
axioms have been verified, it can be conclusively determined that
(Zg, +)constitutes a group. This finding demonstrates that both the manual
computation and the GAP mathematical software yield identical results, thereby
providing strong validation for the computational approach. Consequently, this
integrated approach will significantly assist students in gaining a deeper
understanding of Group Theory concepts within the Algebraic Structures course.

CONCLUSION AND RECOMMENDATION

Based on the research findings, it can be concluded that GAP
mathematical software is specifically utilized for computation and problem-
solving in group theory. The system not only presents the final solutions but also
comprehensively details the computational steps, demonstrating a level of
accuracy that is consistent with manual calculations. Furthermore, GAP
mathematical software facilitates the verification of group axioms, including the
closure property, the associative property, and the existence of identity and
inverse elements, by employing binary logic indicators (true/false). This
capability significantly assists users in testing the validity of a given set against
the criteria for group formation. Consequently, GAP mathematical software has
proven to be an effective and essential computational instrument in supporting
the exploration and in-depth understanding of group concepts within the
Algebraic Structures course.

ADVANCED RESEARCH

Further research should examine the effectiveness of GAP mathematical
software through classroom-based experimental studies. Future studies may
compare students’ conceptual understanding, problem-solving abilities, and
learning motivation before and after using GAP. The software may also be
applied to more advanced group theory topics, such as subgroups, cyclic groups,
permutation groups, homomorphisms, and quotient groups. This development
is expected to provide stronger empirical evidence regarding the contribution of
GAP to learning abstract algebraic concepts.
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